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Abstract 

Analytic expressions for the Clebsch-Gordan (CG) coefficients of the SO(5) group that involve the 
14-dimensional representation can be found in an old paper of M. K. F. Wong. A careful analysis yields 
that roughly 30% of the coefficients given in that paper are wrong. The correct analytic expressions for all 
SO (5) group CG coefficients containing the 14-dimensional representation are obtained. 

1 Introduction 

The 5*0(5) group, i.e. its covering group 50(5) ~ Spin{b), and its Lie algebra so(5) have significant 
applications in various fields of physics, for example, in atomic, molecular and solid state physics, nuclear 
physics, grand unified theories of elementary particles, higher dimensional gravity theories, and the physics 
of pD-branes. The analytic expressions of the 50(5) group Clebsch-Gordan (CG) coefficients, containing 
the 14-dimensional irreducible representation, apply mutatis mutandis to various relevant cases in all of 
these fields of physics. The CG coefficients are required whenever the symmetries of the physical system 
are used for the evaluation of matrix elements of tensor operators. These tensor operators can vary from 
diverse Hamiltonian pieces in molecular and nuclear physics to gauge potentials, field strengths, connection 
coefficients, curvatures and torsions in the physics of particles, fields and gravity. For the sake of brevity, we 
mention below only a few examples. 

The 50(5) symmetry appears as a hidden symmetry of the spin | atomic systems regardless of the 
dimensionality, lattice geometry and impurity potentials, ft plays the role of the SU (2) symmetry in spin ^ 
systems. [HH|. The 50(5) group is utilized in nuclear physics as a dynamical and/or spectrum generating 
group. For instance, in an 50(3) basis [3], it plays a prominent role in the classification of states of the nuclear 
collective model and the Interacting Boson Model [H[S]. Moreover, the 50(5) dynamical symmetry group 
plays a prominent role in the subject of exactly solvable nuclear models with non-degenerate single-particle 
energies [5]. Superconductivity in the cuprates is characterized by its proximity to the antiferomagnctic 
phase with a tendency towards superconductivity (SC) in competition with that towards antifcrromagnetism 
(AF). The high temperature superconductivity (HTSC) theory, which emphasizes this aspect, is a unified 
SC-AF theory based on the 50(5) symmetry of a 5-component "superspin" (with 3 components of the 
antifcrromagnetic, and 2 for the superconducting order parameter) [7]. Due to a close relation of the 
so(5) algebra to the algebras of the (anti)Dc Sitter and Lorentz-like groups in 5 dimensions, many results 
obtained for the 50(5) group can be straightforwardly conveyed and applied to the cases of these groups. 



The 50(5) and/or 5*0(5) groups CG coefficients, in particular those coupling coefficients for combining 
the 14-dimensional and an arbitrary irreducible representation to other irreducible representations, are of 
essential importance for an explicit construction of the unitary irreducible representations of the 5L(5, R) 
and/or SL(5,R) groups [8j. It turns out that the noncompact SL(5,R) generators can be constructed by 
generalizing [9] the so called Gell-Mann formula pU] that expresses these generators in terms of the compact 
and the corresponding Wigner-Inonii contracted noncompact generators. This construction utilizes certain 
CG coefficients given below. The SL(5, R) and/or 5L(5, R) groups are the homogeneous parts of the gauge 
symmetries of the affine generalizations pTJ 02] of the (Kaluza-Klein-like) theories of gravity in 5D [13] . The 
symmetry breaking to the Poincare gauge gravity and evaluation of the thus generated shear-connection mass 
requires knowledge of certain 50(5) CG coefficients as determined by the Higgs field choice. Moreover, in the 
quantum field theory case, the interaction vertices of the infinite component spinorial matter and the shear 
gauge potentials, *r|T b) * are given in terms of all possible (infinitely many) spinorial CG coefficients of this 
work. The spinorial irreducible representations of the 5L(5, R) in the Spin(5) basis are vital for construction 
of infinite component curved-spacetime Dirac-likc equations and the spinning 5-D-branes |14[ 115] . 

Numerical evaluation of the CG coefficients can be rather straightforwardly performed using contemporary 
computers. However, quite often it is very useful, even demanding, to have analytic expressions of the CG 
coefficients, e.g when studying representations of groups in the 50(5) subgroup basis. These formulas 
allow one to study certain expressions and their asymptotic behavior. Analytic expressions for the 50(5) 
(5pm(5)) CG coefficients (for relations to the 50(4) ~ SU(2) x 577(2) cf. [16 ) involving a direct product 
of the 14-dimcnsional, with an arbitrary irreducible representation of the 50(5) group were published some 
time ago by Wong [T7]. An attempt to make use of the results of that paper resulted in difficulties that 
turned out to be due to numerous coefficients being erroneous (note that computer capabilities were rather 
slim at the time the paper was written). It turned out to be quite tedious and time consuming to correct 
all explicitly presented expressions, as roughly 30% of the reduced CG coefficients, more precisely 34 out of 
112, were erroneous. Moreover, all other CG coefficients obtained from these by making use of the symmetry 
properties bear the same destiny. 

A partial list of various types of errors in Wong's paper [17] is as follows: Eq. (7a) - the factor (a — 6 + 
c + d+2) is to be replaced by (a — b + c + d+1); Eq. (9a) - the factor (a + a 2 — b — 2ab + b 2 — c — c 2 — d — d 2 ) 
is missing; Eqs. (6c), (8c) - there should be 46 instead of 3b in the last bracket; Eq. (9d) - there should 
be +2cd instead of — 2cd in the last bracket; Eq. (12d) - an overall sign of the coefficient should be +; Eq. 
(13d) - an overall sign should be + and the factor (b — a + c + d + 1) is to be replaced by (6 — a + c+ d — 1); 
Eq. (2e) - the factor (a — b + c — d + 2) is to be replaced by (a + b + c — d + 2); Eq. (3e) - the factors 
(a — b + c — d + 3) (a — b + c—d+ 2) is to be replaced by (a — 6 + c — d+2)(a + b + c — tf + 3); Eq. (5e) - the factor 
(a + b + c-d + 2) is to be replaced by (a + b + c- d+ 1); Eq. (6e) - the factor ((c+ l)(o + b + c + 3) + d(d+ 1)) 
is to be replaced by ((c + l)(a + b + c + 3) — d(d + 1)); Eq. (6f) - the factor (a + b + c — d + 1) is to be 
replaced y (a + b + c — d + 2); Eq. (8f) - the factor ((d + I) (a — b + c + 2) — c(c + 1)) is to be replaced by 
{{d + l)(a - b + d + 2) - c(c + 1)); Eq. (9f) - the factor ((a + b) 2 - c 2 - d 2 - c - d + 2) is to be replaced by 
((a + b) 2 + 3(a + b) - c 2 - d 2 - c - d + 2)(c + c 2 - d(l + d)); Eq. (2g) - the factor (a + b - c - d + 1) is to 
be replaced by (a + b — c — d — 1); Eq. (9g) - the term +4 is missing in the square bracket, an overall factor 
of \ is missing; Eqs. (lOg), (llg), (12g), (13g) - the factor ((2c + l)(2d + 1)) 1/2 is missing; Eq. (14h) - a 
huge expression turns into a simple one when the factor (a — 6 — c — d + I) is replaced by the correct value 
(a — b + c+d+1); expression for X (table 9) - a huge expression turns into a simple one when the factor 
(4ab + 2a + Ab 2 + 36-1) is replaced by the correct value (4a6 + 2a + 2b 2 + 36 - 1); Eqs. (lh) to (14b.) - 
generic expression for the coefficients is wrong. 

Substantial number of errors in Wong's paper results in its practical unusability. Owing to this fact, 
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we performed a detailed analysis of the polynomial expressions and the orthogonality relations satisfied by 
the CG coefficients. As a result, a self-contained list of the correct expressions of all reduced SO (5) CG 
coefficients involving the 14-dimensional irreducible representation is obtained and presented below. These 
formulas were furthermore checked, using Wolfram Mathematica, in two ways. Firstly, an Mathematica 
algorithm was devised that produces numerical values for the 50(5) CG coefficients. Thus determined 
values were checked at many points to coincide with the values evaluated by making use of analytic expres- 
sions. Secondly, analytic expressions for the CG coefficients were rechecked to satisfy required orthogonality 
relations. 

We use the same 50(5) basis as Wong and Hecht [18] . However, the notation used here differs from 
Wong' one; it is a natural, customary notation of mathematical physics that reflect the "physical meaning" 
of relevant variables and is designed for straightforward physical applications. In particular, the 50(5) 
representation labels are here denoted by (ji, J2) instead of (a, 6), while the irreducible representations of 
the two commuting 50(3) D 50(2) subgroup chains are here denoted by (ji,mi) and (j 2 ,m 2 ) instead of 
(c, c m ) and (d, d m ). 



2 Reduced SO(5) coefficients 



An 50(5) CG coefficient can be factorized as a product of two 50(3) CG coefficients and one reduced 50(5) 
CG coefficient: 
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Owing to the fact that the 50(3) CG coefficients are well known, only the reduced 50(5) coefficients will 
be listed. 

Direct product of the representation (31,32) with the 14-dimcnsional representation (1,1), reduces, in 
general, into the following representations: 

61,32) ® (1, 1) = (ji + 1, 32 + 1) © {31J2 + 1) © (ji - 1, h + 1) © (ji + i,h) © (ji - 1, h) 

© (jl + l,h ~ 1) © (J1J2 " 1) © (ji - 1, 32 - 1) © (jl + \~J2 + (2) 

© (ji -Lh + b® (ji + Lh-h® (ji -Lh + b® 2(31,32). 



The CG coefficients (31,32) © (1, 1) -> (ji + 1,32 + 1) are: 
Natiuh) - ((2ji + 2) (2j x + 3) (ji+j 2 + 2) (ji+j 2 + 3) (2j 2 + l) (2j 2 + 2) (2jx + 2j 2 + 3) (2j x + 2j 2 + 5))" 
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1 h 
1 32 
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jl 32 1 1 



N a (juh) ((jl + 32 + jl ~ 32 + 2) (jl + j 2 + ji - 32 + 3) (jl + j 2 - jl 

+ 32 + 1) (ji + 32 - ji + h + 2) (ji - 32 + ji + 32 + 2) (ji - 32 + ji + 32 
+ 3) (-ji + 32 + ji + 32 + 2) (-ji + 32 + ji + 32 + 3) (ji + 32 + ji + h 
+ 3) (ji + j 2 + ji + 32 + 4) (ji + 32 + ji + h + 5) (ji + 32 + ji + h 

+ 6)) V2 )/(4 ((ji + 1) (2ji + 3) (32 + 1) (232 + 3)) 1/2 ) , 
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(Na{jl, 32) {{jl + .72 + jl - 32) {jl + j2 + jl ~ 32 + 1) (jl + .72 - jl + 32 

- 1) (.71 + .72 - ji + 32) {-ji - .72 + ji + 32 + 1) (-.71 - .72 + ji + J2 
+ 2) {-j 1 - j 2 + j 1 + j 2 + 3) (- ji - j 2 + .71 +32+4:) (ji - j 2 + Ji + J2 ( 5 ) 
+ 2) (ji - j 2 + ji + 32 + 3) (- ji + j 2 + ji + 32 + 2) (- ji + j 2 + ji + 32 

+ 3)) 1/2 )/(4(ji (2j!-l)j 2 (2 J2 -1)) 1/2 ), 

N a {jl , 32) ((jl - j 2 + jl - j2 - 1) (jl - .72 + jl - .72) (-jl + j2 + jl - j2 
+ 1) ("jl + .72 + jl - j2 + 2) (- jl - 32 + jl + j 2 + 1) (-ji - 32 + jl + 32 

+ 2) (- ? i + 32 +31+32 + 2) {- ji + 32 + ji + h + 3) (-ji + 32 +3i+h ^ 
+ 4 ) (-.71 + .72 + ji + j2 + 5) (ji + 32 + ji + .72 + 3) (ji + j 2 + ji + j 2 
+ 4)) 1/2 )/(4(.n (2,i-1)(2j1 + 5. ?2 +3)) 1/2 ), 

= (JVo(Ji, h) {{ji - .72 + jl - .72 + 1) (ji - .72 + jl - 32 + 2) (-ji + .72 + ji 

- J2 — 1) (-jl + j2 + jl - j2) ("jl - .72 + jl + 32 + 1) (-jl - j2 + jl 
+ J2+2) (jl-j 2 +Jl+J 2 +2) (jl-j 2 +Jl+J 2 +3) (jl-j 2 +Jl+J 2 ( 7 ) 

+ 4) (ji - 32 + ji + j 2 + 5) (ji + 32 + ji + 32 + 3) (ji + 32 + ji + j 2 
+ 4)) 1/2 ) / (4 {{23I + 531+ 3) 32 {232 1)) V2 ) , 

= [N a (ji , 32) ((jl - 32 + jl ~ h + 1) (-.71 + .72 + jl - j2) (jl + j2 + jl - j2 
+ 2) (jl + 32 - jl + .72 + 1) (-ji - j2 + jl + .72 + 1) (jl - j2 + jl 4" j2 

+ 2) (ji - 32 + ji + 32 + 3) (ji - 32 +3i+ .72 + 4) (- ji + j 2 + ji + j 2 ( 8 ) 
+ 2) (ji+j 2 +ji+j 2 +3) (ji + 32 + ji +.72 +4) (ji + j 2 + ji + J 2 
+ 5)) 1/2 ) / (4 ((ji + 1) (2, n + 3) 32 (.72 + 1)) 1/2 ) , 

= - (N a ( ji ,32) { {ji - 32 +31-32) {- ji + 32 + ji ~ h + 1 ) ( ji + .72 + Ji 

- J2 + 1) (jl + 32 - jl + J 2 ) (-jl - .72 + jl + J2 + 1) (-jl - 32 + jl + j 2 

+ 2) (-Ji - j 2 +31+32+3) (ji - j 2 + ji + J 2 + 2) (-ji + 32 +31+32 ^ 
+ 2) (- ji + 32 + ji + 32 + 3) (- ji + 32 + ji + 32 + 4) (ji + j 2 + ji + j 2 

+ 3)) 1/2 )/(4(ji (2j!-l)j 2 (j 2 + l)) 1/2 ), 

(7Vo(jl, h) ((jl - J2 + jl - 32) {-jl + .72 + jl - J2 + 1) (jl + .72 + jl 

- J2 + 2) (jl + j 2 - jl + J2 + 1) (- jl - J2 + jl + .72 + 1) (jl - J2 + jl 

+ J2 + 2) (-Jl + j 2 + jl + J2 + 2) (-Jl + j 2 + jl + 32+3) (-Jl + J2 ( 10 ) 
+ J1+J2+4) (jl +J2 +.71 +.72 +3) (jl + .72 + jl +J2 +4) (jl+j 2 



+ Ji + J2 + 5)) V2 ) / (4 (j4 (j! + 1) {32 + 1) (2j 2 + 3)) 1/2 
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(16) 



+ 32 +31 +32 + 3) (ji + 32 +31+32 + +)) 



= |(5) 1/2 A r a(ji,j 2 ) ((-ji -j 2 +ji+j 2 + l) (-ji-j 2 +ji+j 2 + 2) (jl 
- h + ji + 32 + 2) (ji - j 2 + ji + j 2 + 3) (-ji + j 2 + ji + j 2 + 2) (-ji 
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The CG coefficients (31,32) <8> (1, 1) — ► (ji + 1, 32) are: 
N b (j u h) = ((2ji + 2) (2jx + 3) (2j! - 2j 2 + 1) (ji - J 2 + 1) j 2 + j 2 + 2) (2j 2 + 2) (2j x + 2j 2 + 3))" 1 (18) 
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+ .7i + .72 + 5)) 1/2 )/(4 ((h + 1) (2ji + 3) (32 + 1) (2 J2 + 3)) 1/2 ) , 
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= {N b (j u j 2 ) {(-ji+j 2 +ji-h + l) {-ji+j 2 +ji-h + 2) {h+h+h 

- J2 + 2) (ji + j 2 + ji - j 2 + 3) (-ji + j 2 + Ji + J 2 + 2) (-j! + j 2 + ~n 
+ J2 + 3) (ji + j 2 + ji + j 2 + 3) (ji + j 2 + ji + j 2 + 4)) 1/2 (ft + , 7 i - . ?2 2 

- 3i + J 2 2 - ~3i + 32 (2 Ji + 1) + h) ) / (4 (ji (jx + 1) (2. ?2 2 + 5.72 + 3)) 1/2 ) , 

= (N b (j 1 ,j 2 ) ((.7i - .72 + ji ~ 32 + 1) (.7i - .72 + ji ~ 32 + 2) (ji + j 2 - ji 

+ 32 - 1) (.71 + 32 - ji + J2) (-ji - .72 + ji + 32 + 1) (-.71 - .72 + ji + .72 
+ 2) (.n - J, + j 1+ j 2 + 2) (ji - j 2 + ji + j 2 + 3)) 1/2 (i 2 + ji - j 2 2 ~ J? 

+ J 2 2 - 3ji - 32 (2 ji + 3) + J 2 - 2) )/(4 (.n (ji + 1) .72 (2j 2 - 1)) 1/2 ) , 

- (Nb{h,32) (Ui - .72 + ji - .72 + 1) (-.71 + .72 + 3i - .72 + 1) (ji + .72 + 3i 

- 32 + 2) (ji + j 2 - ji + j 2 ) (-ji - j 2 + Ji + J2 + 1) (ji - .72 + 3i + J2 
+ 2) {-ji + j 2 + ji + .72 + 2) (ji + .72 + .71 + .72 + 3)) 1/2 (j 2 + .71 + jf - j 2 
+ J 2 2 + 32 - 3 ~ji + J2 - 2) ) / (4 (.71 (ji + 1) j 2 O2 + 1)) 1/2 ) , 

(^b(ji,i2) {31+32 

-3i) {{h - 32+31 -J2 + 1) (-ji+i2+ji -J2 + 1) (.71 +J2+J1 -J2 (28) 
+ 2) (.71 +.72 +.71 -.72 + 3) (.71 -.72+.71 +J2 + 2) (-.71 +32 +.7i +J2 + 2) (ji 

+ .72 +31 +32 + 3) {h +.72 +31 +.72 +4)) 1/2 )/f2 ((.71 + 1) (.72 + l)f' 2 ' 



(27) 



.71 + 1 

3i - \ 32 



32 



3i 32 1 1 

3i h \ \ 



■(Nb(ji,h) [h +h +ji 



■ 2) ((ji - 32 + 3i ~ 32 + 1) (-.71 + .72 + ji -32 + 1) (ji + j 2 - ji + h (29) 
- 1) (.71 + 32 - .71 + 32) {~ji - h + .71 + 32 + 1) (-ji - .72 + ji + h 



+ 2) (.71 - .72 + 31 + 32 + 2) (-.71 + .72 + ji + .72 + 2)) 1/2 ) / (2 {j\j 2 ) 



1/2 ^ 
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' h + 1 32 



32 



3i + 1 

jl - 3 32 + \ 



ji 32 l l 

3132 \ \ 



3i 32 
3i h 



3i + 1 .72 

jl 72 



jl 72 1 1 

31 32 



(Nb{ji,32) {-ji+32+ji 

+ !) ((.7i - .h + ji - 32 + 1) (ji - 32 + ji - .72 + 2) (ji + j 2 + ji - j 2 
+ 2) (ji+j2-ji+j 2 ) ( - Ji - .72 + Ji + .72 + 1 ) (ji -.72 +.71 +72 + 2) (ji 
- .72 + 71 +72 + 3) (7i + 72 + 7i + 72 + 3)) 1/2 ) / (2 ((. n + 1) j 2 f 2 ) , 

(N b (j 1 ,j 2 ) (ji-72+ji 

+ 1) ((-ji +72 +7i -.72 + 1) (-ji+j 2 +ji-j2 + 2) (ji +72+71 -72 
+ 2) (.7i+.72-7i+j2) (-7i-.72+7i+j2 + l)(-.7i+.72+ji+ .72 + 2) ( 



7i + .72 + ji +.72 + 3) (71 + .72 + ji +72 + 3)) 1/2 j/(2 ( j 1 ( j 2 + 1 ) ) 1 

1/2 N b {j 1 ,j 2 ) ((jl - 72 + jl - .72 + 1) (-.71 + .72 + ji - 72 + 1) (ji + .72 
.72 + 2) (ji + 72 - ji + 72) (-ji - 72 + ji +72 + 1) (ji - j 2 + ji + 72 



a/2 



= 2< B > 
+ 7i 



+ 2) (-.n + j 2 +71+72 + 2) (71 + 72 + ji + 72 + 3)) 



1/2 



(30) 



(31) 



(32) 



The CG coefficients (ji, j 2 ) <S> (1, 1) 
7V c (ji,j 2 ) = ((2ji + l)(2ji 



(ji, h + l) are: 

-72) (71 +.72 + 2) (2j 2 - 



7i .72 + 1 
7i + 1 .72 + 1 



ji 72 1 1 
ji 72 1 1 



7i 72 
.71-1 j 2 



7i 72 
7i - 1 .72 



7i 72 1 1 
ji .72 1 1 



ji 72 1 1 
ji 72 1 1 



3) (2ji - 2j 2 + 1) (ji - j 2 ) (ji + j 2 + 2) (2j 2 + 1) (2j 2 + 2) (2ji + 2j 2 + 3)) 5 (33) 

= (-^c(ji , 72) ((ji - 72 +71-72) (- ji + 72 + ji - 72) (ji + .72 +71-72 

+ 2) (ji + j 2 - 71 + j 2 + 1) (ji + j 2 - ji + 72 + 2) (ji + 72 - ji + 72 

+ 3) (-ji -72 +.71 +72) (ji -72 +71 +72 + 2) (-ji +72 +71 +72^ 34 ) 

+ 2) (71 + .72 + ji + 72 + 3) (71 + j 2 + 71 + 72 + 4) (ji + 72 + ji + j 2 

+ 5)) 1/2 )/(2 (2) 1/2 ((ji + 1) (2ji + 3) (72 + 1) (2j 2 + 3)) 1/2 ) , 

- (-We ( ji , 72 ) ( ( ji - 72 + 7 1 - 72 ) ( - ji + .72 + ji - 72 ) ( ji + 72 + ji - 72 

- 1) (jl + 72 + ji - 72) (jl + 72 + ji - .72 + 1) (jl + 72 - ji + 72) (-ji 

- .72 + ji + h + 1) (-ji - 72 + 7i + h + 2) (-ji - j 2 + 71 + j2 + 3) (71 ( 35 ) 

- .72 + ji + .72 + 2) (-ji + 72 + ji + j 2 + 2) (ji + j 2 + ji + j 2 
+ 2)) 1/2 )/( 2 (2) 1 / 2 (71 (2ji - 1) j 2 (2j 2 - 1)) 1/2 ) , 

(Nc(ji , .72) ((ji - 72 +71-72-2) (ji - .72 + 71 - .72 - 1) (ji - .72 + ji 

- 72) (-.71 + 72 + ji -72 + 1) (ji + 72 + ji -72 + 1) (ji + .72 - ji + 72 

+ 1) (-71 -.72 +71 +.72 + 1) (71 -72 +71 +72 + 1) (-71 + 72 + 7i + 72 ( 36 ) 
+ 2) (-ji + 72 + 71 + 72 + 3) (-71 + .72 + 7i + 72 + 4) (71 + 72 + 7i + 72 

+ 3)) 1/2 ) / (2 (2) 1/2 (. n (2ji - 1) (j 2 + 1) (2j 2 + 3)) 1/2 ) , 
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' jl .72 + 1 

di + 1 32 - 1 



jl 32 1 1 
jl 32 1 1 



( 31 32 + 1 


jl 


h 


11) 


\jl + 1 32 


jl 


h 





ii .72 + 1 

3i - 1 h 



jl 32 1 1 
jl 32 1 1 



ii 32 + 1 
ii ,?2 + 1 



ji h 1 1 
ji h 1 1 



3i .72 + 1 
.71 .72 - 1 



ji h 1 1 
ji h 1 1 



= (-^(ji, j 2 ) {{ji - j 2 + ji - .72 + 1) (-.71 + .72 + jl - h - 2 ) {-jl + .72 

+ ji - 32 ~ 1) (-jl + .72 + ji ~ J2) (ji + J2 + ji - 32 + 1) (ji + .72 - ji 
+ j2 + 1) (-ji - .72 + ji + .72 + 1) (ji - 32 + ji + .72 + 2) (ji - j 2 + ji 
+ j2 + 3) (ji - 32 + ji + .72 + 4) (- ji + 32 + ji + 32 + 1) (ji + 32 + ji 
+ .72 + 3)) 1/2 )/(2 (2) 1/2 ((j! + 1) (2ji + 3) 32 {232 l)f' 2 ) , 

= (Nc(jl , j 2 ) ((ji - .72 - ji + .72) (ji - 32 - jl + .72 + 1) (jl + .72 - jl + 32 

+ 1) (ji + 32 - ji + 32 + 2) (ji - j 2 + ji + 32 + 2) (ji - j 2 + ji + 32 
+ 3) (ji + 32 + ji + h + 3) (ji + 32 + ji +32 + 4)) 1/2 (-ji 2 + 2j 2 ji + jl 
+ Ti Jl + 32 + 2.71 + 1) ) / (2 (2) 1/2 ((2j? + 5. n + 3) 32 {32 + l)f 2 ) , 

= - (Nc(Ju32) {{ji - .72 + ji - 32 - 1) (ji - .72 + ji - 32) (jl + .72 + .71 

- 32) {ji + 32 + ji - .72 + 1) (-ji - .72 + ji + 32 + 1) (-ji - 32 + ji + h 
+ 2) (-ji + .72 + .71 + 32 + 2) (-Ji + .72 + ji + 32 + 3)f /2 (jf + 2 (j 2 + 1) 3 \ 
jl Ti + J! 32 - 2 ji + 2j 2 ) ) / (2 (2) 1 / 2 (j! (2j! - 1) 32 {32 + 1)) 1/2 ) , 

{NoQuh) {{ji - .72 + ji - h ~ 1) (ji - 32 + ji ~ h) {ji + .72 - .7i + 32 

+ 1) (ji + .72 - ji + 32 + 2) (-ji + .72 + ji + 32 + 2) (-ji + .72 + ji + 32 
+ 3) (ji + .72 + ji + 32 + 3) (ji + 32 + ji + h + 4)) 1/2 (ji 2 + ji - jl + 31 - j 2 2 
+ 2ji + 2j 2 ] 2 + 1) ) / (2 (2) 1/2 (ji (, n + 1) (2 j\ + 5j 2 + 3)) 1/2 ) , 

(Nc(Ju h) {{-ji + 32 +3i~32-l) {-ji + 32 + ji - h) {ji + 32 + 3i 
- .72) (ji + .72 + ji - 32 + 1) (-ji - .72 + ji + .72 + 1) (-ji - .72 + ji + 32 



+ 2) (ji - .72 + ji + h + 2) (.71 - .72 + ji + h + 3)) 1/2 (j? + ji - jl + J? 



32 



+ 2ji - 2 j 2 



2.72 (.72 + 1)) )/(2 (2) 1/2 (ji (ji + 1) 32 (2j 2 - 1)) 



1/2 



(37) 



(38) 



(39) 



(40) 



(41) 



ji 32 + 1 
ji 32 



jl 32 1 1 
jl 32 1 1 



(N c {ji,j 2 ) {{ji - 32 + ji - .72) (-ji + .72 + ji - 32) {ji + 32 + ji - 32 

+ 1) (ji + .72 - ji + .72 + 1) (-ji - 32 + ji + 32 + 1) (ji - .72 + ji + .72 



+ 2) (-ji + 32 + ji +32 + 2) (ji + j 2 + ji + j 2 + 3)) 1/2 (j? + ji + jl + 

- jl + 32 + 2ji - 2 32) ) / (2 (2) 1/2 (j! (ji + 1) 32 {32 + 1)) 1/2 ) , 



(42) 
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h - 


h 1 


ji h 


1 




\31 + 


2 32 H 


1 

~ 2 


jl 32 


1 

2 





( 3i .h + 


1 


3i 32 


1 


i) 


\ji 


l 

2 


3i 32 


l 

2 





Jl J2 

h - \h- 



h 32 1 1 
iU2 5 5 



N c (ji,h)(2 ji + 2j 2 -2j 2 

+ 1 ) (C7l-J2+jl-j2) (-jl+j2+Jl-j2) (.71 + J2 — Jl + J2 + 1 ) (jl+j'2 
"jl+,72 + 2) {jl- 32+31 +32 + 2) i-jl+j2+jl+j2 + 2) (jl+j 2 +jl 

+ h + 3) (ji + 32 + 3i + 32 + 4)) 1/2 ) / (2 (2) 1/2 ((ji + 1) (j 2 + 1)) 1/2 ) , 



(43) 



(Nc(ji,32) ((ji - .72 + ji - 32) (-ji + .72 + ji - 32) (ji + 32 + ji 

- h) (ji + 32 + ji - 32 + 1) (-Ji - .72 + .71 + 32 + 1) (-ji - .72 + ji ( 44 ) 
+ .72 + 2) (ji - 32 +31+32 + 2) (-ji + 32 + ji + j 2 + 2)) 1/2 (2ji 

+ 2. ?2 + 2j 2 + 3))/(2(2) 1/2 (W /2 ), 



r.* 


h + 


1 


jl J2 


1 




V.7i + 


\32~ 


1 

2 


jl j2 


1 

2 





N c (ji,32) ( ( - ji + j2 + ji - .72 - 1 ) (-.71 + .72 +31-32) (ji + .72 + ji 

- .72 + 1) (jl + .72 - jl + 32 + 1) (- ji - .72 + jl + 32 + 1) (ji - .72 + jl 
+ 32 + 2) (ji - 32 + ji + .72 + 3) (ji + 32 + ji + 32 



3)) 1/2 (-2.71 



(45) 



+ 2j 2 + 2h + l))/{2(2) 1/2 ((j 1 + l) ]2 ) 1/2 



(N c {juh) ((ji - 32 + ji - .72 - 1) (ji - 32 + ji - 32) (ji + 32 + ji 

- 32 + l) (ji + h - ji + 32 + 1) (-ji - 32 + ji + 32 + 1) (-ji + 32 



1/2 



+ ji + 32 + 2) (-ji + 32 + ji + 32 + 3) (ji + .72 + Ji + J 2 + 3)) 

-2. 72 + 2j 2 + l)V(2(2) 1/2 (ji (.72 + l)) 1/2 ^ 



ji 32 + 1 
ji 32 



ji .72 1 1 
jij 2 



(2ji 

)■ 



N c (ji,j 2 ) ((ji - 32 + ji - .72) (-ji + .72 + ji - .72) (ji + .72 + ji 

.72 + 1) (ji + .72 - ji + 32 + 1) (-ji - .72 + ji + 32 + 1) (ji - .72 + ji + 32 
+ 2) (-ji + 32 + ji + h + 2) (ji + 32 + ji + 32 + 3)) 1/2 . 



(46) 



1/2 



(47) 



The CG coefficients (ji, j 2 ) ® (1, 1) -» (ji + IJ2 - 1) are: 
N d (ji,h) = (2 (2ji + 2) (2ji + 3) (2ji - 2j 2 + 1) (2j\ - 2j 2 + 3) (ji 



-j2 + l)(ji-j 2 + 2)j 2 (2j 2 + l)) ' (48) 



.71 + 1 .72 - 1 
jl + 1 .72 + 1 



jl 32 1 1 
jl 32 1 1 



(-Nd(ji,j 2 ) ((jl - 32 + jl - 32 + 1) (ji -.72 + ji - .72 + 2) (-ji+j'2+ji 

- 32 + 1) (-ji + j2 + ji - j2 + 2) (ji + 32 + ji - ji + 2) (ji + j 2 + ji 
- j2 + 3) (ji + 32 + ji - .72 + 4) (ji + 32 + ji - j 2 + 5) (- ji - j 2 + ji 

+ j2 - 1) ("jl - .72 + jl + j2) (jl + j2 + jl + j 2 + 3) (jl + j 2 + jl + j 2 

+ 4)) 1/2 )/(4 ((ji + 1) (2ji + 3) (32 + 1) (2j 2 + 3)) 1/2 ) , 



(49) 
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'h + i .72 - i 
di - l h - 1 



h h 1 1 
h h 1 1 



jl + 1 .72 - 1 
.71 - 1 .72 + 1 



ji h 1 1 

.71 .72 1 1 



.71 + 1 .72 - 1 
.71 + 1 .72 - 1 



.71 + 1 .72 - 1 
.71 + 1 h 



.71 + 1 .72 - 1 
.71 - 1 32 



.71 + 1 j 2 
.71 .72 



Ji J2 
ji jl 



1 1 
1 1 



ji ji 1 1 
ji ji 1 1 



Jl 32 

ji Ji 



1 1 
1 1 



ji ji 1 1 
ji ji 1 1 



(N d {ji,ji) {{ji - ji +.7i - ji + 1) (ji - .72 + .71 - .72 + 2) {-ji +32+31 

- ji + 1) (-.71 + .72 + ji - ji + 2) (ji + j 2 - ji + .?2 - 3) (ji + j 2 - ji 
+ .72 - 2) (ji + j 2 - ji + j 2 - 1) (ji + .72 ~ ji + ji) {-jl - .72 + ji + ji 

+ 1) (-jl - J2 + jl + .72 + 2) (ji + j 2 + ji + j 2 + 1) (ji + j 2 + ji + j2 

+ 2)) 1/2 )/(4(ji (2j!-l)j 2 (2. ?2 -l)) 1/2 ), 

= (N d Qi~j 2 ) {{-ji + j 2 + ji - j 2 + 1) (-.7i + j 2 + ji - h + 2) {-. n + j 2 

+ ji - j2 + 3) (- ji + j 2 + ji - j 2 + 4) (ji + j 2 + ji - j 2 + 2) (ji + j 2 
+ ji - j2 + 3) (ji + j 2 - ji + j 2 - 1) (ji + j 2 - ji + j 2 ) (ji - j 2 + jl 
+ 32) {ji - j2 + ji + .72 + 1) (-ji + .72 + ji + j2 + 2) (-ji + j 2 + jl 
+ h + 3)) 1/2 )/(4 (ji (2ji - 1) (2j| + 5 32 + 3)) 1/2 ) , 

(Nd{jl,jl) {{jl - j2 + jl - j2 + 1) (jl - j2 + jl - j2 + 2) (jl - j 2 + jl 

- j2 + 3) (ji - j 2 + ji - j 2 + 4) (ji + j 2 + ji - j 2 + 2) (ji + j 2 + ji 

- j2 + 3) (jl + j 2 - jl + 32 - 1) (jl + .72 - jl + j2) (jl - 32 + jl + j2 

+ 2) (ji - j 2 + ji + j 2 + 3) (-ji + j 2 + ji + j 2 ) (-ji + j 2 + ji + j 2 

D) 1/2 ) ; 



+ l)) 1/2 )/(4 ((2j 1 2 + 5 j 1 +3)j 2 (2j 2 



-(N d {ji,j 2 ) {{ji -.72 +ji -.72 + 1) (ji - j2+jl -32 + 2) (ji-j 2 +ji 

- ji + 3) (-ji + j 2 + ji - j 2 + 1) (ji + j 2 + ji - j 2 + 2) (ji + j 2 + ji 
- j2 + 3) (ji + j 2 + ji - j 2 + 4) (ji + j 2 - ji + j 2 ) (-ji - j 2 + ji 
+ ji) {ji - .72 + ji + ji + 2) (-ji + j 2 + ji + j 2 + 1) (ji + j 2 + ji + j 2 
+ 3)) 1/2 )/(4((2. ?1 2 + 5 J i+3) j2 (. ?2 + l)) 1/2 



- J2 + jl - J2 + 1) (- jl + j2 + jl - J2 + 1) (- jl + .72 



-(N d (ji,j 2 ) ((ji 

+ ji - 32 + 2) (-ji + j 2 + ji - j 2 + 3) (ji + j 2 + ji - j 2 + 2) (ji + j 2 

- ji + .72 - 2) (ji + j 2 - ji + j 2 - 1) (ji + j 2 - ji + j 2 ) (-ji - j 2 + ji 

+ j2 + 1) (jl - j2 + jl + J2 + 1) (-.71 + j2 + jl + j2 + 2) (jl + j 2 + jl 

+ .72 + 2)) 1/2 ) / (4 (ji (2 31 1) .72 {32 + 1)) 1/2 ) , 

- (Nd{ji,h) {{ji - j2 + ji - ji + 1) (-ji + .72 + ji - ji + 1) (-ji + .72 

+ ji - h + 2) (- ji + j 2 + ji - j 2 + 3) (ji + j 2 + ji - j 2 + 2) (ji + 32 
+ ji ~ J2 + 3) (ji + j 2 + ji - j 2 + 4) (ji + 32 - ji + j 2 ) (- ji - j 2 + ji 

+ 32) {jl - j2 + jl + j2 + 1) (-jl + .72 + jl + J2 + 2) (jl + j 2 + jl + j 2 

+ 3)) 1/2 )/(4(,j (,i + l)(2. ?2 2 + 5 j2 + 3)) 1/2 ), 



(50) 



(51) 



(52) 



(53) 



(54) 



(55) 
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r h + l .72 - l 
v h .h - 1 



ji h 1 1 
ji h 1 1 



ji + 1 .72 - 1 

jl 32 



jl 32 1 1 
jl 32 1 1 



jl + 1 .72 - 1 

jl - \ 32 - \ 



jl 32 1 1 
hh 2 3 



,7i + 1 h - l 

.71 + 5 .72 - I 



jl J2 1 1 

hh 2 I 



.71 
.71 



1 J2 

2 Ja- 



il J2 1 1 

ilia 2 3 



.71 + 1 .72 ~ 1 

jl j2 



jl 32 1 1 
jl j2 



-(N d (ji,j 2 ) {{ji -32+ji -j2 + l) (ji - .72 + ji - .72 + 2) (ji-j 2 +ji 

- j2 + 3) (-ji + j 2 + ji - j 2 + 1) (ji + 32 + ji - 32 + 2) (ji + j 2 - ji 
+ .72 - 2) (ji + j 2 - ji + j 2 - 1) (ji + j 2 - ji + j 2 ) (-ji - j 2 + ji + j 2 
+ 1) (ji - 32 + ji + 32 + 2) (-ji + j 2 + ji + 32 + 1) (ji + .72 + ji + 32 

+ 2)) 1/2 )/(4(ji (ji + l)j 2 (2. ?2 -l)) 1/2 ), 

(Nd(h,h) {{ji- 32 +31 - 32 + 1) {ji- 32+ 3i- 32 + 2) (-ji+j 2 +ji 
-32 + 1) (-ji + j 2 + ji - j 2 + 2) (ji + j 2 + ji - j 2 + 2) (ji + j 2 + ji - ji 

- - - - 1/2 

+ 3) (ji + 32 - ji + 32 - 1) (ji + 32 - ji + j 2 )) (2ji 32 + {-ji - 32 
+ 3i+h + l) {h + 32 + h + h + 2)) V f 4 (ji (ji + 1) 32 (j 2 + 1)) 



(56) 



(57) 



xl/2 



(ji + 1 h 


- 1 


jij 2 i n 


\3i + 3 j2 


+ 3 


jl j2 3 3/ 



- (Nd(ji , 32) ((ji - .72 + ji - 32 + 1) {ji - 32 + ji - h + 2) (-ji + .72 

+ ji - j 2 + 1) (- ji + 32 + ji - h_ + 2) (ji + 32 + h ~ h _+ 2) ( ji + j 2 ^ 58 ) 
+ ji ~ h + 3) (ji + 32 + ji - .72 + 4) (ji + 32 - ji + 32) {-ji - 32 
+ 3i + h) {3i + 32 + 31 +h+ 3)) 1/2 )/(2 ((ji + 1) (.72 + 1)) 1/2 ) , 



(59) 



= - [ N d{ji , 32) {{ji - 32 + ji - 32 + 1) {ji - 32 + ji - h + 2) (-ji + 32 

+ ji -32 + 1) {-ji + 32 + ji - j 2 + 2) (ji + 32 + ji - j 2 + 2) (ji + 32 
- ji + h - 2) (ji + 32 - ji + j 2 - 1) (ji + 32 - jl + 32) {-ji - 32 
+ 31 + h + 1) {31 + 32 +31 + 32 + 2)) 1/2 ) / (2 (jxj 2 ) 1/2 ) , 

= (Nd(Ji,h) {{ji - 32 + ji - h + 1) {ji - 32 + ji - h + 2) (ji - .72 

+ ji - h + 3) (-ji + .72 + ji - h + 1) (ji + h + ji - h + 2) (ji + h (60) 

+ ji - 32 + 3) (ji + 32 - ji + h - 1) {ji + h - ji + j 2 ) (ji - 32 + ji 
+ 32 + 2) (-.71 + .72 + ji + h + 1)) 1/2 ) / (2 ((.71 + 1) J 2 ) 1/2 ) , 



72 



= (^(ji, j 2 ) ((jl - 32 +31- h + 1) (-.71 + 32 +3i-h + l) (-.71 

+ ji - 32 + 2) (-.71 + .72 + ji - h + 3) (ji + .72 + ji - h + 2) (ji + .72 
+ ji - .72 + 3) (ji + 32 - ji + 32 - 1) {ji + 32 - ji + 32) {ji - h + ji 
+ h + l) (-.71 + .72 + .71 +h + 2)) 1/2 )/(2 (, n (j 2 + 1 )) 1/2 ) , 

= g ( 5 ) V2 N dQuh) ((.71 - 32 + 31 - 32 + 1) (. n - 32 +31- h + 2) (-ji 

+ 32 + ji ~ 32 + 1) {-ji + 32 + ji - 32 + 2) (ji + 32 + ji - 32 + 2) (ji 
+ 32 + ji - 32 + 3) (ji + 32 - ji + 32 - 1) {ji + 32 - ji + j 2 )) 1/2 ■ 



(61) 



(62) 
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The CG coefficients (ji, j 2 ) <8> (1, 1) — ► (ji + 3, j 2 + 5) are: 
N e (ji,h) = ((2ji + 2) (h-j 2 ) Qi-h + l) (J1+J2 + I) (J1+J2 + 2) (ji+j 2 + 3) (2j 2 + l) (2ji + 2j 2 + 3))~ 



61 + 5 J2 H 


1 

2 


ii 


J2 




Vii + 1 J2 - 


hi 


ii 


J2 





p. 


+ 1 


J2 


+ 2- 


ii 


h 




\J1 


- 1 


J2 


- 1 




h 





ji + \h + 
ji + 1 J2 



ii j2 1 1 
ii j2 1 1 



-(jVe(Jl,j2) (jl 

- .72) ((ji + j 2 + ji ~ 32 + 2) (ji + 32 + ji - 32 + 3) (ji + j 2 - ji + 32 
+ 1 ) Cn+i2-ji+.72 + 2) (-31-32+31+32) (31-32 + 31+32 + 1) ( 

-31+32+31+32 + 2) (.n+.72+.n+.72 + 3) (ji + j 2 +ji + 32 + 4) (31+32 
+ 3i + h + 5)) 1/2 )/(2 (2) 1/2 ((ji + 1) (2. n +3) (j 2 + 1) (2j 2 +3)) 1/2 ) , 

= (N e (ji,j 2 ) (ji -32 ) ((ji+32+ji -32) (ji+32+ ji -.72 + 1) (ji+32-ji 



( ]1 


+ \h + \ 


jl 


32 






- 1 32 + 1 


jl 


32 





(ji + \h 


+ 2- 


jl 


32 




\jl + 1 .72 


- 1 


jl 


32 





(5. 


+ 2 + \ 


Ji 


32 


::) 


V.7i 


-1 J2 


ji 


32 





+ J2 - 1) (jl + j2 - jl + j2) (-jl 

+ 2)(-ji-j 2 +ji+j 2 + 3) (ji- 



- 32 + jl + 32 + 1) (- jl - j2 + jl + j2 
j2 + jl + 32 + 2) (- jl + 32 + jl + 32 



+ 2) (ji+j 2 +ji+j 2 + 2)) 
(N e (ji,32) (ji+32 



1/2 



(2(2) 1/2 (j 1 (2j 1 -l)j 2 (2j 2 -l)) 1/2 ), 



+ 1) ((ji - 32 + ji - 32 - 1) (ji - 32 + ji - 32) (~jl + 32 + ji - 32 + 1) ( 

- jl + 32 + jl - 32 + 2) (-jl - 32 + jl + 32 + 1) (jl - j2 + Jl + J2 + 1) ( 

-ji + 32 + ji +j2 + 2) (-ji + 32 + ji + 32 + 3) (-ji+32+ji +j2 + 4) (ji 



+ j2 + jl + 32 



1/2 



/(2(2) 1/2 ( J1 (2. n -l)(2. ?2 2 + 5. 72 + 3)) 



1/2 



■3)) 

-(N e (ji,j 2 ) (ji+j 2 

+ 1) ((jl - j2 + jl - 32 + 1) (jl - j2 + jl - j2 +2) (-jl + j 2 + jl - 32 ~ 1) ( 
- jl + 32 + jl - 32) (-jl - j2 + jl + j2 + 1) (jl - j2 + jl + j2 + 2) (jl 
- j2 + jl + j2 + 3) (jl - 32 + jl + 32 + 4) (-jl + 32 + jl + 32 + 1) (jl 

+ .72 + Ji + 32 + 3)) 1/2 ) / (2 (2) 1/2 ((2 j\ + 5.7i + 3) .72 (2.72 - l)f 2 



N e (ji,j 2 ) ((ji - .72 + ji - .72 + 1) (-jl + .72 + ji - .72) (ji + .72 + ji 

- j2 + 2) (jl + 32 - jl + 32 + 1) (ji - 32 + jl + 32 + 2) (ji - 32 + jl + 32 
+ 3) (.71 + .72 + ji + J2 + 3) (ji + 32 + ji +32+ 4)) V2 (32 (j 2 + 1) + (ji 

+ 1) (-ji + ji + .72 + 1)) )/(2 (2) 1/2 ((.n + 1) (2. n + 3) 32 (32 + 1)) 1/2 ) , 

~ (Ne(jl,32) ((jl - j2 + jl - j2) ("jl + j2 + jl - .72 + 1) (jl + .72 + jl 
~ 32 + 1) (jl + j2 - jl + .72) ("jl - j2 + jl + .72 + 1) ("jl - .72 + jl 

+ j 2 + 2) (-. ? i + 32 + ji + j 2 + 2) (-ji + 32 +31+ h + 3)) 1/2 (j? 



+ (ji + h + 2) ji - .72 (32 + 1)) ) / ( 2 (2) 1/2 (ji (2ji 



1)32 (,72 + l)) 1/2 ) 



(63) 



(64) 



(65) 



(66) 



(67) 



(68) 



(69) 



13 



(h + \ h h 


i 

2 


jl 


J2 




V h h - 


" 1 


Jl 


J2 





pi + 3 


+ 1 


ji 


h 


10 


V ji is 


- 1 


ji 


h 





(N e (jl,j 2 ) ((jl- h+jl- h) (-31+32+ jl- 32 + 1) (j\+j 2 +j\-j 2 

+ 2) (ji + j2 - ji + h + 1) (- ji + 32 + ji + 32 + 2) (-ji + 32 + ji + j 2 
+ 3) (ji + 32 + ji + h + 3) (ji + j 2 + ji + 32 + 4)) 1/2 (ji (ji + 1) + (j 2 
+ 1) (-32 +31 +32 + 1)) )/(2 (2) 1/2 (. n (j! + 1) (j 2 + 1) (2 J2 + 3)) 1/2 ) , 

- (Neijuh) ((jl - 32 + jl - 32 + 1) (-jl + 32 + jl - 32) (jl + 32 + jl 

- 32 + 1) (ji + h - jl + 32) (-ji - 32 + jl +32 + 1) (-ji - j 2 + jl 
+ h + 2) (ji - 32 + ji + h + 2) (ji - 32 + ji + h + 3)) V2 (jf + ji 
- 32 (32 + 3i + 32 + 2)))/ (2 (2) 1/2 ( 3l (h +l)j 2 (2 J2 1)) 1/2 ) , 



(70) 



(71) 



(jl + \j2 + \ 


jl 


h 




V ji 32 


jl 


32 





(ji ^ 


1 

2 


j 2 H 


1 

"? 
2 


ji 


h 


1 


■) 


\ji - 


j 2 H 


ji 


h 


1 

2 





? ' ?2 + 1 



Jl 

jl - 2 -?2 - 2 



jl j2 1 1 
jl j2 5 2 



jl + 5 J2 + 3 
jl + 2 J2 - 2 



ji h 1 1 

ji 32 5 5 



pi + 


1 

2 


J2 + 


1 

2 


jl 


J2 


1 


i) 


\jl - 


1 

2 


J2 + 


1 

2 


jl 


h 


1 

2 





(74) 



= (Ne(jl, 32 ) (jl - 32 ) ( jl + h + 1 ) ( - jl - jl - j 2 - 32 + ( jl - 32 ) (jl- jl 

+ 1)) ((-J1-J2+J1+J2 + I) (ji-j2+Ji+J 2 + 2) (-ji+j 2 +3i+32 ( 72 ) 
+ 2) (ji + 32 + 3i + 32 + 3)) 1/2 ) / (2 (2) 1/2 (j x ( 3l + 1) j 2 (j 2 + 1)) 1/2 ) , 

= (^ e (ji,j 2 ) (ji-j 2 ) (2ji+2j 2 -j 1 -j 2 +i) ((ji+j 2 +h-~j 2 +2) ( n + j2 

-31+32 + 1) (ji-32+ji+h + 2) (-3i+j2+3i+32 + 2) (ji+j 2 +ji ( 73 ) 
+ j 2 + 3) (ji+j2+Ji+j 2 + 4)) 1/2 )/(2(2) 1/2 ((j 1 + l)( j2 + l)) 1/2 ), 

= -( y N e (j 1 ,j 2 ) (n 

-32) ((ji +ji +ji -j 2 + l) (ji +32-31 +32) (-ji -32 +ji +j 2 + 1) (-ji 
-32 +31 + 32 + 2) (ji -.72 + ji +32 + 2) (-ji +j 2 +]i +j 2 + 2)f /2 (2ji 

+ 2. ?2 +Ji+j2+3))/(2(2) 1/2 (jij 2 ) 1/2 ), 

= -( y N e (j 1 ,j 2 ) (j!+j 2 

+ 1) ((jl -32 +jl -32 + 1) (-jl +j 2 +jl -32) (-jl -32 +jl +j 2 + 1) (jl 

- 32 + ji + h + 2) (ji - j 2 + ji + j 2 + 3) (ji + j 2 + ji + j 2 + 3)) 1/2 ( 

-2j! + 2 J2 + ji + j 2 + 1) ) 1(2 (2) 1/2 ((.n + 1) , ?2 ) 1/2 ) , 

= (NeQuh) (ji+32 + l)(2ji-2j 2 +j 1 +] 2 + l) ((ji-j 2 +ji-j 2 ) (-31 

+ j2 +31 -32 + 1) (-j 1 -j 2 + jj +j 2 + l) (-ji + 32 +31 +32 + 2) (-ji ( 76 ) 
+32+31+32 + 3) (.n+. ? 2+ji+j 2 + 3)) 1/2 )/(2(2) 1/2 ( J1 (j 2 + l)) 1/2 ) , 



(75) 



14 



r n + \ 
\ h 



h + \ 




32 






h 


h 


32 


OOJ 





1/2 



N e {ji,h) (ji - h) (Ji + 32 + 1) ((-ji - h + jl +32 + 1) (j 



32 +]i+ 32 + 2) (-ji + 32 + ]i + h + 2) (ji + j 2 + ji + h + 3)) 



l 

1/2 



(77) 



The CG coefficients (ji,j 2 ) <8> (1, 1) — ► (ji + §, J2 — 5) are: 
JV>(Ji, J2) = ((2ji + 2) (2j!-2j 2 + l) (j!-j 2 ) (J1-J2 + I) (J1-J2 + 2) (ji +.72 + I) (ji+j 2 + 2) (23 2 + l))-' (78) 



31 + 2 32 - J 
31 + 1 32 + 1 



jl 32 1 1 
jl j2 1 1 



(jl + 


1 

2 


32 - 


1 

2 


jl 


32 




\jl - 


1 


32 - 


1 


jl 


32 





p.- 




32 - 


1 

2 


jl 


32 


10 




- 1 


j 2 + 


1 


jl 


32 





/jl + 1 j 2 - 1 


jl 


j2 


10 


V jl + 1 j2 - 1 


jl 


j2 





(jl + \ 32 ~ \ 


jl 


j2 




V jl + 1 j2 


jl 


j2 





(Nf(ji,32) (ji 



- j2 ) ((jl - j2 + jl - j2 + 1) (- jl + j2 + jl - 32 + 1) (jl + 32 + jl ~ j2 

+ 2) (ji+j 2 +ji-j 2 + 3) (ji+j 2 +ji-j 2 + 4) (ji+j 2 -ji+j 2 + l) ( ( 79 ) 

- jl - j2 + jl + j2 - 1) (- jl - j2 + jl + j2) (jl + j2 + jl + j2 + 3) (jl + j 2 

+ ji + 32 +4)) 1/2 )/(2 (2) 1/2 ((j a + 1) (2. n + 3) (j 2 + 1) (2j 2 + 3)) 1/2 ) , 
(Nf (ji 1 32 ) (ji -32 ) ( ( ji - j2 + ji -.72 + 1) ( - jl + .72 + ji - 32 + 1 ) ( jl 

+ j2 + jl - .72 + 1) (jl + j2 - jl + j2 - 2) (jl + j 2 - jl + j 2 - 1) (jl + j 2 
-ji+j2) (-.7i-.72+ji+j2 + l) (-ji-.72+ji+ j2 + 2) (jl+j 2 +jl+.72 



(80) 



+ 1) (.71 +.72 +.71 +.72 + 2)) 172 )/( 2 (2) i ^(.7 1 (2ji - 1) j 2 (2j 2 - 1)) 



V2, 



a/2 



1J2) (jl + .72 + 1 ) ( ( jl - J2 + jl - j2 ) ( - jl + .72 + jl - j2 + 1 ) ( - jl 
+ j2+jl- j2 + 2)(-jl+j 2 +jl-j 2 +3) (jl+j 2 +jl - j2 + 2) (jl+j 2 ( 81 ) 

-ji+32) {ji-32+ji+32) (ji-32+ji+32 + l) (-3i+32+3i+32 + ^) ( 
-3i+32+ji+ j 2 + 3)) 1/2 )/(2(2) 1/2 ( n (2ji-l) (2j| + 5j 2 + 3)) 1/2 ) , 



-( N f(ji, 32 ) (ji+ .72 + 1 ) ( (.71 - .72 +ji- .72 + 1 ) (ji - 32 +ji- .72 + 2) ( ji 

-j2+jl-j2 + 3) {-31+32+31-32) (jl+32+ jl~ 32 + 1) (jl+j 2 -jl 

+ 32) (31 -32+31 +32 + 1) (ji-.72+ji+j2 + 3) (-ji +.72 +ji +.72) ( 
-ji +.72 +.7i +.72 + 1)) 1/2 )/(2 (2) 1/2 ((2, ?1 2 + 5.7! + 3) j 2 (2j 2 - 1)) 1/2 ) , 

■(Nf(ji,j2) ((ji- 32+ji-h + l) (ji- 32 +31 -J2 + 2) (ji+32+ji 

- 32 + 2) (ji + 32 + ji - 32 + 3) (-.71 - .72 + ji + 32) (ji - .72 + ji + 32 

+ 2) (-.71 + .72 + jl + .72 + 1) (ji + .72 + ji + .72 + 3)) 1/2 (j 2 (.72 + 1) 

- (ji + 1) (ji -3i+h)))/ (2 (2) 1/2 ((.71 + 1) (2.7x + 3) .72 (32 



(82) 



(83) 



D) 1/2 ) 



15 



Pi 




jl 


32 






- 1 32 


jl 


32 





-(N f (j 1 ,j 2 ) {jl + (ji - 32 + 1) Ji - 32 (.?2 + 1)) ((-ji +.72 + ji - .72 

+ 1) (-Ji+.72+ji-j2 + 2) {ji+32-31+32-1) (ji+32-31+32) ( ( 84 ) 

-jl - .72 + jl + .72 + 1) (.71 - .72 + jl + .72 + 1) (-ji + .72 + jl + .72 

+ 2) (.71 + 32 + h + .72 + 2)) 1/2 ) / (2 (2) 1/2 (ji (2. n - 1) j 2 (j 2 + 1)) 1/2 ) , 



(ji + 


1 

2 


jl 


h 


10 


V jl 32 + 


1 


jl 


.72 





pi + \h - 


1 

2 


jl 


j2 


10 


\ jl j2 - 


1 


jl 


h 





pi + hh-\ 


jl 


J2 


10 


V jl J2 


jl 


J2 





(85) 



1J2) ((-ji +.72 + ji - 32 + 1) (-ji +.72 + ji -.72 + 2) (ji +.72 

+ ji - .72 + 2) (ji + j 2 + ji - 32 + 3) (- ji - j 2 + ji + j 2 ) (ji - h + ji 
+ J2 + I) (-71+.72+.71+J2 + 2) (.7i+J 2 +Ji+j 2 +3)) 1/2 (j 2 +ji 

- (.72 + 1) (.72 - ji + .72)) ) / (2 (2) 1/2 (h (31 + 1) (.72 + 1) (2j 2 + 3)) 1/2 ) , 

-(^Nf(jlJ 2 ) (j 2 +jl-j2(.72+Jl-j2 + l)) ((jl - j2+Jl -J2 + 1) (jl 

- 32 + ji - 32 + 2) (ji + j 2 - ji + j 2 - 1) (ji + j 2 - ji + ji) (-ji - .72 ( 86 ) 
+ ji + .72 + 1) (ji - .72 + ji + 32 + 2) (-.71 + j 2 + ji + 32 + 1) (ji + .72 

+ ji + J 2 + 2)) 1/2 )/(2 (2) 1/2 (ji (ji + 1) j 2 (2 J2 1)) 1/2 ) , 

(Nf(ji,h) (.?'i+ ji - 32 (.72 + 1)) ((.71-.72+.71-J2 + I) (-ji+.?2+ji 

- h + 1) (ji + 32 +31-32 + 2) ( n + n ] 2 )) 1/2 {-jl - n - f 2 ( 87 ) 

+ (.7i +.72) 2 -.72 + 3 (.7i+.7 2 ) + 2))/(2(2) 1/2 (ji ( 3l + 1) j 2 (.72 + 1)) 1/2 ) , 



7i 



J2 



jl + 2 32 + 



jl J2 1 1 

jl j2 3 5 



jl + 5 J2 - 5 

Jl - 2 J2 - 2 



jl J2 1 1 
Jl J2 \ \ 



ji + i .72 - 4 

jl + 2 J2 - 2 



jl J2 1 1 
Jl J2 \ \ 



N f (juji) (ji-.72)(2ji+2j2-.?i+.72 + 2) ((ji -.72 +ji -.72 + 1) (- 7l 
+ .72+ji-j2 + l) (ji+.72+ji-.72 + 2) (ji+.72+ji-.72 + 3) (-71-J2 
+ J1+J2) (ji+.72+Ji+j2 + 3)) 1/2 )/(2(2) 1/2 ((.7i + l)(.?2 + l)) 1/2 ) , 

-(NfQuh) (ji-j2)(2.7i + 2j 2 +ji-j2 + 2) ((ji-j 2 +ji-.72 + l) ( 

-ji + .72 + ji - .72 + 1) (ji + .72 - ji +32-1) (ji + j 2 - ji + .72) (-ji 

- .72 + ji + J2 + 1) (ji + J2 + ji + ~32 + 2)) 1/2 ) / (2 (2) 1/2 (,n J2 f 2 ) , 

(NfQuh) (ji+.72 + l)(2ji-2j2-ji+j 2 ) ((ji-j 2 +ji-j 2 + l) (ji 

- .72 + ji - J2 + 2) (ji + j 2 + ji - j 2 + 2) (ji + j 2 - ji + j 2 ) (ji - j 2 
+ ji+j 2 + 2) (- J i+ j2 +ji+j2 + l)) 1/2 )/(2(2) 1/2 (0-i + l)j 2 ) 1/2 ) , 



(89) 



(90) 



16 



(~ j,+ 


\32- 


i 
! 


h 


h 


1 
i 


i)-( 


\31 - 


\n + 


2 


h 


h 


2 





NfQuh) (ji+.]2 + l)(2j 1 -2j 2 +j 1 -j 2 ) {(-h+j 2 +ji-h + i) ( 
-?i+j2+.?i-j2 + 2) (ii+i2+ji-j 2 + 2) (ii+i2-ji+j 2 ) (ji-j 2 ( 91 ) 

+ji+j 2 + l) (-. ? i+. ?2 +ji+j2 + 2)) 1/2 )/(2(2) 1/2 ( J1 (J2 + 1)) 1 



xl/2 



jl + 2 -?2 - 



jl .12 1 1 

Ji 32 



1/2 

2 , N f (j l7 j 2 ) (ji - j 2 ) (ji + j 2 + 1) ((ji - .72 + ji - j2 + 1) (-ji ^ 



+ h + ji - h + !) {ji + ji + ji - ji + 2) (ji + j 2 - ji + ji)) 



1/2 



The (ji, j 2 ) representation appears twice in decomposition of (ji, j2) <S> (1, 1). In order to distinguish them, 
we follow Wong's convention. The CG coefficients for (ji,j 2 ) ® (1, 1) — > (ji, j 2 )i are: 

iV fl Gi, j 2 ) = 2 (5) 1/2 (4j 2 2 (j 2 + 1) 2 + 11 (8J? + 16j! + 5) j 2 (j 2 + 1) + ji (ji + 2) (2j x - 1) (2j x + 5)) _i (93) 



Ji J2 
.?i + 1 ji + 1 



.71 



J2 



ji - 1 .72 - 1 



.71 



32 



ji - 1 .72 + 1 



jl j2 1 1 

.71 J2 1 I/l 



jl jl 1 1 

Ji J2 1 1^ 



Jl .72 

jl + 1 .72 - 1 



jl J2 1 1 
jl J2 1 1^ 



^ ?2 i ij = _ ^aO'i. J2) ((ji + .72 - ji - j 2 ) (ji + .72 - ji - .72 + 1) (ji + .72 + ji 
- .72 + 2) (ji + j 2 + ji - j 2 + 3) (ji + j 2 - ji + j 2 + 1) (ji + j 2 - j 
+ h + 2) (ji + J2 + ji + .72 + 3) (ji + j 2 + ji + j 2 + 4)) V2 ) / (8 ((j 

+ l)(2. n +3) (. 72 + l)(2. ? 2+3)) 1/2 ) 



(94) 



- (Ng (ji ,32) ( ( ji +32+ji- 32 ) ( ji + 32 +31 -32 + 1) ( ji + .72 - ji + h 

-1) {ji+h-h+h) {-31-32+31+32 + 1) (-ji -.72 +ji+ .72 + 2) (ji+j 2 
+ Ji + J2 + 1) (.71 +.72 +.71 +J2 + 2)) V2 ) / (8 (ji (2 ji - 1) .72 (2j 2 - 1)) 1/2 ) , 

-{NgQuh) {{ji - .72 + ji - h - 1) (ji - 32+ji - h) (-ji +.72 + ji 

- J2 + 1) (-ji + .72 + ji - .72 + 2) (ji - j 2 + jl + j 2 ) (ji - j 2 + jl + j 2 
+ 1) (-ji + .72 + Ji + J2 + 2) (-ji + j 2 + Ji + .72 + 3)) 1/2 ) / (8 (ji (2j! 

-1)(2. ?2 2 + 5 J2 + 3)) 1/2 ), 



(95) 



(96) 



N g (ji,j 2 ) ((ji - 32 + ji - .72 + 1) (ji - .72 + ji - .72 + 2) (-ji + j 2 

+ ji - J2 - 1) (-ji + .72 + ji - j 2 ) (ji - .72 + ji + 32 + 2) (ji - j 2 + ji 
+ h + 3) (-31 + 32 +3i+ h) (-31 + 32 + ji + .72 + 1)) 1/2 ) / (s ( (2j 2 

+ 5 ji+3)j 2 (2. 72 -l)) 1/2 ) , 



(97) 



17 



' 3i 32 
di + 1 h 



ji h 1 1 



Jl 32 

h - l .h 



3i 32 1 1 
3i 32 HJ 1 



3i 32 

ji h + 1 



3i 32 1 1 
3i 32 1 l) l 



- ( N g{ji , h) {{h - h + 3i ~ 32 + 1) {-.h + jl + ji ~ ji) {ji + h + jl ~ h 

+ 2) (.?l+.?2-.?l+j2 + l) {-jl-j2+jl+h) 0"l-j2+Jl+j2+2) (-J1+J2 (98) 
+ Jl + J2 + 1) (jl +?2 + jl +72 + 3)) V2 ) / f 8 ((jl + 1) (2ji + 3) j 2 (j 2 + I)) 17 ' 



(99) 



-(Ngiju 32 ) ((ji - j2 + ji - 32) { -ji + 32 + jl ~ 32 + 1) (jl + 32 +ji- 32 
+ 2) (ji+j 2 -ji+j 2 + l) (-ji-j 2 +ji+j 2 ) (ji-j 2 +ji+j 2 + l) {-31+32 (100) 



N g {jiJ 2 ) {{ji - 32 + ji - 32) {-ji + 32 + ji - 32 + 1) (ji + 32 + ji - 32 

+ 1) (jl+h-jl+32) (-jl-j2+jl+j2 + l) (jl-j2+jl+j2 + l) (-jl+.?2 

+ ji + j 2 + 2) (71 + . ? 2 + ji +32 + 2)) 1/2 ) / f 8 (ji (2 ji - 1) j 2 (j 2 + 1)) 1/2 



+ji+j 2 + 2) (.7i+.72+ji+j 2 + 3)) 1/2 J/(8 (ji (ji + 1) (j 2 + l) (2.7' 2 + 3)) 

(Ng(j 1 ,j 2 ) {{jl - j 2 + jl - j 2 + 1) (-jl + .72 + jl - j 2 ) (jl + j 2 + jl - j2 

+ 1) (ji+j 2 -ji+j 2 ) (-ji-j 2 +ji+j 2 + l) (ji-j 2 +ji+j 2 + 2) (— Ji +.72 
+ ji + h + 1) (ji + .72 +ji+h + 2)) V2 ) / (8 (ji (ji + 1) .72 (2.72 - 1)) 1/2 ) , 



a/2 



Jl J2 
jl j2 - 1 



jl 32 1 1 
jl j2 1 



(101) 



Jl J2 

ji h 



£ f 2 j }) = -(N g (ji,h) (j 4 + 2jf - (IO.7I + 10j 2 + 2j 2 + 2 j| + 4ji + 2j 2 + l) jf 

- 2 (5j 2 + 5 J, + J? + j 2 + 2jj + j 2 + 1) j x + j 2 4 + jt + Jl + 2jI + Ajf + 2j| + 5 31 

- 2jlT 2 - 4ji jl - 31 + 2jj - 2j 2 j 2 - 4 jj j 2 - 2j 2 - 2j 2 (j 2 + 2 jj + j 2 2 + j 2 + l) 



(102) 



Jl J2 
jl + \ 32 + \ 



3i 



Jl J2 

-\32- 



31 



Jl J2 

1 1 A 1 
+ 2 32 - 2 



jl J2 1 1 
jlj2 \ 2/1 



jl 32 1 1 

ji j2 5 5/i 



ji 32 1 1 
ji h 3 3/1 



- Jl (2.7? + 4 ji + 2j 2 + 2j 2 + l))j/(8 (ji (jj + 1) 32 (.72 + 1))- J 

(N g {j u j 2 ) (2jj +2 j 2 + 3) ((ji + j 2 +.71 - j 2 + 2) (ji + j 2 - ji + j 2 + 1) ( 
-ji - 32 +3i +32) {ji +32 +3i + ~h + 3)) 1/2 ) / (8 ((ji + 1) (.72 + 1)) 1/2 ) , 

(A r 9 (ji,j2)(2ji+2j 2 + l)((j 1 +j 2 +j 1 -j 2 + l) (ji+j2-ji+j 2 ) ( 
-jl - 32 +3i+ 32 + 1) (jl + .72 + ji + 72 + 2)) 1/2 ) / (8 (jij2 ) V2 ) , 

(jV»(ii, h) (2J1-2 .72 + 1) ((.71-.72+J1-.72 + I) (-ji+j 2 +ji-j 2 ) (ji 

- 32 +31 +32 + 2) (- n + j 2 + 71 + 72 + l)t' 2 ) / (s ((71 + 1) j 2 ) 1/2 ) , 



(103) 



(104) 



(105) 



18 



Ji 



Jl J2 



h h 1 1 



■(N g Q u ~j 2 ){2 ji - 2. 72 

- 1) ((jl - .72 + jl ~ h) (-jl + .72 + .71 - .72 + 1) (jl - .72 + Ji + .72 ( 106 ) 
+ 1) (-.71 + .72 + .71 + h + 2)) 1/2 )/(s (ji (.72 + 1 )) 1/2 ) , 



Jl J2 
Jl jl 



jl jl 1 1 



■(N g (ji,h) (5 j 2 + 5ji + 5j| + 5. 72 - 3 (j 2 + 2 j, + j 2 + j 2 )) ) /(2 (5) 1/2 ) . (107) 



The CG coefficients for (ji, j 2 ) ® (1, 1) — > (ji, j 2 ) 2 read: 



/" Jl J2 


Jl J2 


1 




U J2 


jl J2 


Jl 





(iJ 2 - X 



2\l/2 / Jl J2 
Jl J2 



jl J2 1 1 
jl J2 Jl -h 



- X 



Jl J2 
Jl J2 



jlj2 1 1 
jl J2 Jl Jl n 



where 



X = -—NgQuh) (ji - h) (ji -32 + 1) {Ji +.72 + 1) (ji + J2 + 2) (4jx (ji + 2) + 4j 2 (.72 + 1) - 5) ; 

H 2 = I (ji - h) (ji -J2 + I) (ji + J2 + 1) (ji + .72 + 2) (4j 2 4 + 8j 2 3 - (8ji (ji + 2) + 9) j 2 

- (8ji (ji + 2) + 13) j 2 + (jx + 1) 2 (4jj (ji + 2) - 5)) , 

and the list of the auxiliary coefficients is as follows: 



Ji J2 
ji + 1 .72 + 1 



jl J2 1 1 
jl J2 1 1 



Jl J2 
jl - 1 .72 - 1 



jl J2 1 1 
jl J2 1 1 



(108) 

(109) 
(110) 



(111) 



( (jl - jl) 2 ((jl + .72 - jl - 32) (jl + J2 - jl - 32 + 1) (jl + 32 + jl 

- J2 + 2) (jl + j 2 + ji - 32 + 3) (ji + 32 - jl +32 + 1) (ji + j 2 - jl 
+ j 2 + 2) (ji + j 2 + ji + j 2 + 3) (ji + j 2 + ji + 32 + 4)) 1/2 ) / (4 ((ji 

+ l)(2j!+3) (j2 + l)(2j2 + 3)) 1/2 ) , 

((jl 

-J2) 2 ((ji+32+ ji- h) (ji+32+ji-h + l) (ji+.72-ji+j2-l) (ji (112) 
+.72 - ji +32) (~ji -.72 +jl +32 + 1) (-jl -.72 + jl + .72 + 2) (ji +j 2 + jl 



1/2 \ 



Jl J2 
ji - 1 .72 + 1 



jl 32 1 1 
jl 32 1 1 



+J2 + 1) (ji +.72 +ji + .72 + 2)) 1/2 )/(4 ( n (2 31 - 1) J2 (2j 2 - 1)) 



( (jl + .72 + 1) 2 ((jl - .72 + ji - h - !) (.71 - 32 + ji - 32) (-ji + .72 

+ jl - J2 + 1) ("jl + .72 + jl - J2 + 2) (jl - j 2 + jl + 32) (jl - 32 
+ .71 + J2 + 1) ("jl + .72 + jl + J2 + 2) (-jl + j 2 + Jl + h 

+ 3)) 1/2 )/(4(ji (2 J i-l)(2. ? 2 + 5,2 + 3)) 1/2 ), 



(113) 
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3i 



32 



di + 1 .h - 1 



h h 1 1 
h 32 1 1 



( (3i +32 + I) 2 ((31 - 32 + 31 - 32 + 1) (n - j 2 +j 1 ~j 2 + 2) (- 



■3i 



+ 32 + 3i - 32 - 1) (~3i + 32 + ji ~ h) (h - h + ji + h + 2) (ji 
- h + 3i + h + 3) (-ji + 32 + ji + h) (~3i + h + ji + .h 
+ l)) 1/2 )/(4((2, 1 2 + 5.n+3), 2 (2, 2 -l)) 1/2 ), 



(114) 



3i 32 

h + 1 32 



3i 32 1 1 
ji h 1 1 



(^^>i& 

-lj ((ji~ 32 + 31 -32 + 1) (-ji+h + ~3i-~h) (ji+j2+3i-32 + 2) (ji ^ 115 ^ 

+ 32 - ji + .h + 1) (-ji - h + ji + 32) (ji - h + ji + h + 2) (-ji + 32 
+ 3i + 32 + 1) (31 + 32 + 3i + 32 + 3)) V2 ) / (4 (( n + 1) (23! + 3)) 1/2 ) , 



3i 32 
3i - 1 .h 



3i 32 1 1 
ji 32 1 1 



(Hi 2 +.71 

+ h) ((ji-h+31-32) (-3i+32+3i-h + l ) (ji+ h+ 3i- 32 + 1) (ji (- 116 ^ 
+ .h -ji+32) ( -3i - .h + ji + 32 + 1) (ji - 32 +3i+ .h + 1 ) (-31+ 32 + ji 
+ h + 2) (ji +32 +3i +h + 2)) 1/2 ) / (4 (h (2 31 l)f 2 (32 (32 + l)f 2 ) , 



3i 32 
3i 32 + 1 



ji 32 1 1 
3i h 1 1 



(31 (Ji + l)) 1 



1/2 ( (h + 1) : 



3i (h + 1) 

1) ((ji-k+ 3i- h) (-31+32+31 -32 + 1) (3i+32+3i-h + ^) (ji 



+ h - ji +32 + 1) (-ji - h + ji + h) (ji - h + ji + h + 1) (-31 + h 
+ 3i + 32 + 2) (31 + 32 +31+ 32 + 3)) V2 )/(4 ((32 + 1) (2j 2 + 3)) 1/2 ) , 



(117) 



3i 32 
h h - 1 



3i 32 1 1 
3i 32 1 1 



= {(3l+3i 

-32) ((ji- h+ 3i- h + l) (-31+32+31-32) (ji+ 32+ 3i-h + l) (ji 
+ 32 -31 +h) (-31 -h +3i +h + 1) (ji -h +3i +h + 2) (-31 +32 +31 

+ 32 + 1) (31 +32 +31 +32 + 2)) V2 ) / (4 (h (31 + I)) 1 ' 2 (32 (2j2 1)) 1/2 ) , 



(118) 
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'31 J2 

di h 



ji h 1 1 
ji h 1 1 



= - [jI + 3j? - (j| + h + 2j 2 + 2 31 + % + 2j 2 - 1) j* 
- (2j| + 2 j 2 + 4j 2 + 4jf + 8ii + 4j 2 + 3) if 

+ Ha - 2 jf + ( 4 ^i 2 + 8 Ji + 4 j 2 2 + 4 j 2 + 2) jf + (4 j 2 + 8 ji + Af 2 + 4 j 2 + 3) j 2 +jf 
+ j 2 4 + 4j 3 + 2j 3 - 3 jf - 4j 2 + jf {-231 - 2 J a + 3) - 2j x (2jf + 2j 2 + 1) - 2) jf 
+ HI - 2j| + (4j 2 + 8 j x + 4jf + 4j 2 + 3) jf + 4 (j 2 + 2jj + f 2 + j 2 + 1) j 2 + Jf 
+ 4j 3 + Ji (-4j 2 - 4 j 2 + 2) + ~jI (-231 - 2j 2 + 5) + j 2 (jf + 2jf - j 2 - 2)) j x 
+ ja (h + 1) (ja + 2j 2 3 - (2 if + 4ji + 2jf + 2j 2 + l) j 2 2 

- 2 (j 2 + 2ji + j 2 + ja + l) ja + Ji + 4j 3 + Ji (-4j 2 - 4 j 2 + 2) 

+ Ji 2 (-2j| - 2j 2 + 5) + j 2 (jf + 2jf - j 2 - 2)) ) / (4 (jj (jj + 1) j 2 (j 2 + 1)) 1/2 ) , 



(119) 



Ji 



3i 32 



3i 32 1 1 



-((Ji-J2) 2 (2ji+2 J2 

-3) ((ji+ja+ji-ja + 2) (ji + ja - ji + ja + 1) (-ji-ja+ji (120) 
+ ja) (ji + ja + ji + ja + 3)) 1/2 )/(a (( 3l + 1) (j 2 + 1)) 1/2 ) , 



Ji 



Jl J2 



ji ja 1 1 
3i32 5 \ 



= -((ji-j2) 2 (2ji + 2j 2 + l) ((ji+ja+ji-ja + 1) (ji+ja- ji+ ja) ( 
-Ji - ja + ji + Ja + 1) (ji + ja + ji + J 2 + 2)) 1/2 ) /(4 (jij 2 ) 1/2 ) , 



(121) 



Jl J2 

Ji + I ja - \ 



ji J2 1 1 
ji 32 \ \ 



((Ji+j2 + l) 2 (-2ji + 2j 2 

-1) ((ji - h+di -J2 + I) (-J1+J2+J1-J2) (ji - j 2 + j( 122) 
+ ja + 2) (-ji + j 2 + ji + ja + l)f' 2 ) / U ((ji + 1) j 2 ) 1/2 ' 



Ji 



J 2 



Ji 



J2 



jl J2 1 1 

^ 2 2 2/aux 



((2ji-2j 2 -l)(j 1 +j 2 



+ 1) 2 ((ji - J2 + Ji - J2) (-ji + ja + Jl - J2 + 1) (ji - J2 + Jl 



(123) 



+ j 2 + 1) (-Ji + ja + Ji + ja + 2)) 1/2 ) / ( 4 (ji (j 2 + 1 )) 



a/a 



Ji J2 

jl J2 



jl J2 1 1 
JU2 



= - (jl + 4ji 3 + (-2j| - 2 j 2 + 5) 31 + (-4j| - 4j 2 + 2) ], 



-31 



+ 2j| - 5 (j 2 + ji - j 2 (ja + 1)) 2 - 31 ~ 2j 2 / 2 (5) 



a/2 



(124) 



The rest of the reduced coefficients are not listed explicitly since they can be obtained by using the 
symmetry properties of the CG coefficients |18j . In these remaining cases no multiplicity occurs, and the 
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symmetry formula obtains the following form: 



\jlj2 j[ & ft ft) [ ij 

Ti 5. 1„ T T \ 

(125) 



/ dim(j u j 2 )(2f 1 + l)(2j£ + 1) fj\ j> 2 jxhll 
V dim(J , i,i > 2 )(2ji + l)(2j2 + l) U Ja ii ia Ji Ja 

where dim(j u j 2 ) = {2~j x - 2j 2 + l)(2ji + 2j 2 + 3)(2j x + 2)(2j 2 + l)/6. 

3 Conclusion 

In this paper, we present the full accurate list of the CG coefficients involving the 14-dimensional irreducible 
representation of the SO(5) group, thus correcting numerous errors in these CG coefficients published pre- 
viously [T7]. The CG coefficients listed here are computer-checked in two ways. Firstly, a Mathematica 
algorithm is devised that produces numerical values of the SO(5) CG coefficients. These values were com- 
pared at many points as to coincide with the values evaluated from the analytic expressions. Secondly, 
analytic expressions for the CG coefficients are checked to satisfy the required orthogonality relations. 
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